Introduction
Fault tolerant control (FTC) is a really valuable asset for any system, and perhaps even an essential one. Even if there is a scheme to detect the fault, it might not be feasible to intervene and rectify the problem immediately, due to the nature of operation, and this could result in losses. As such, an FTC scheme can help to reduce the effect of the fault while waiting for the problem to be rectified. The objective of an FTC scheme is to minimize the degradation in performance of a system when a fault occurs. A reliable FTC scheme may help improve efficiency, productivity, reliability, generate financial savings or prevent catastrophic consequences such environmental pollution, or economic losses. This paper is concerned with the application of an FTC scheme on a flexible joint and flexible link system, which can be a single DOF robotic manipulator. When a robotic manipulator is handling hazardous material or performing a dangerous task, a good FTC scheme is essential. There has been a lot of work done in the area of FTC applied to robotic manipulators. Kotosaka et.al. (Kotosaka, S. et.al., 1993) presented a FTC scheme for a manipulator which replans the trajectory in the event of an actuator fault, assuming that the actuator no longer functions. In the case of sensor faults however, there is no corrective action taken; as long as the system can still function within prescribed specifications. Goel et.al. (Goel, M. et.al., 2003) presented a method that minimizes the peak error of the end-effector velocity in the event of a fault. This was done by minimizing a performance index associated with the Jacobian of the faulty system. Lewis & Maciejewski (Lewis, C.L. & Maciejewski, A.A., 1997) proposed an FTC method for a multi-link manipulator subjected to locked joint failures. They determined the necessary constraints to subject each joint to, such that in the event of one of the joints failing (locking), the manipulator is still able to reach certain critical points. Ting et.al. (Ting, Y. et.al., 1994) proposed sliding mode and parameter adaptation control laws to reduce the errors caused by a fault. On the end, Shin et.al. (Shin, J.H. et.al. 1999 ) and English & Maciejewski (English, J.D. & Maciejewski, A.A. 1998 ) considered an FTC scheme for manipulators subjected to free-swinging joints that have lost torque and power. In (Shin, J.H. et.al. 1999) , the authors firstly detected the faulty joint, and then controlled the system as an underactuated manipulator. In (English, J.D. & Maciejewski, A.A. 1998) , the authors measured a cost function based on each joint's kinematic and dynamic parameters, and then minimized that function to make it as robust as possible to faults. Izumikawa et.al. (Izumikawa, Y. et.al., 2002) presented a flexible joint FTC scheme for sensor faults; when a certain sensor fails, the feedback control scheme changes gains in order to not let the system performance degrade too much. In a more recent paper, Izumikawa et.al. (Izumikawa, Y. et.al., 2004) implemented an observerbased FTC scheme; when a sensor fails, the controller switches, and uses the observer's outputs instead of the original system's (faulty) outputs. Similar to (Izumikawa, Y. et.al., 2002 , Izumikawa, Y. et.al., 2004 , the application in this paper is concerned with FTC for sensor faults. Sensor faults are faults that occur in the sensors/transducers that measure the system variables, and do not directly affect the process dynamics (in the open loop). The source of these faults could be wear and tear of the sensor, prolonged use without calibration, or a total failure of the sensor. In the closed loop, these faults will affect the process if the sensor measurements are used to generate the input control signal. Therefore, the faults will cause degradation in the system performance. The FTC scheme consists mainly of a fault reconstruction scheme (Tan, C.P. & Habib, M.K. 2004) where the outputs are firstly separated into non-faulty and potentially faulty components. The control input and non-faulty outputs are fed into a linear observer (Luenberger, D.G., 1971) to generate an estimate of the states. A reconstruction of the sensor fault is obtained by subtracting a function of the estimated states from the measured outputs, and the result is multiplied by a scaling matrix. The reconstruction is subtracted from the faulty sensor to get a `virtual sensor'. In an ideal situation when the fault is estimated perfectly, the virtual sensor should be give the output's correct reading. The virtual sensor (instead of the normally used faulty output) will then be used to generate the control signal, and the degradation in system performance should be eliminated. However, in a real system, there are system non-linearities and uncertainties, which cannot be fully modelled. These elements will make the state estimate inaccurate, which in turn will corrupt the fault reconstruction as well as the output of the virtual sensor. Therefore, in this paper, a design method is presented to minimize the effect of the nonlinearities/uncertainties on the virtual sensor, using the Bounded Real Lemma (Peterson, I.R. et.al. 1991 ). This paper is organized as follows; firstly the FTC scheme and its design method are presented. Then descriptions of the flexible joint and flexible link are given. Following that, test results for the flexible joint are presented, where the sensors are subjected to 2 fault extremes: total failures (where the sensor gives a zero reading) and incipient faults (where the sensor drifts very slowly and unnoticeably). Then the FTC scheme for the flexible joint is tested for robustness by implementing it on a flexible link. Finally conclusions are made. The results obtained are very good, whereby the FTC scheme provides a very accurate reconstruction of the fault (which then indicates that a fault is present), and improves the system's faulty performance such that it is very close to the fault-free scenario. Furthermore, the FTC scheme implemented on the flexible link shows very good results too, which demonstrates the robustness of the scheme. Also, this method proved successful in handling simultaneous faults. This proves the effectiveness of this approach. In this paper, all signal vectors are assumed to be functions of time t.
The robust fault tolerant control scheme
Consider the system modeled by the state-space equations below
where n x ∈ are the states, p y ∈ are the measured outputs, m u ∈ are the control inputs, and q f ∈ are faults that could possibly act on the sensors. If the output y is used to generate the control signal u in the feedback loop then the performance of the system will be degraded, because y is faulty. Assume also that Assume further that ( ) 1 , A C is detectable, and consider an observer (Luenberger, D.G.,1971) for the fault-free system (1) and (3) ( ) 
where
is an arbitrary design matrix.
Suppose the fault reconstruction in (6) is used to make a virtual sensor in the following way (Edwards, C. & Tan 
, then the H ∞ norm from ξ to z will not exceed the positive scalar γ . Hence it makes sense to minimize z . This problem can be easily solved using the Linear Matrix Inequalities (LMI) Control Toolbox (Gahinet, P., et.al. 1995) , which will return values for
A schematic diagram of the FTC scheme is shown in Figure 1 .
Feasibility of the scheme
From control theory and the observer in (4), the condition for this method to be feasible is that any there must be a matrix L such that (1) - (2).
The flexible manipulator systems
The system consists of a rigid arm mounted on a body, which is in turn mounted to a DC motor by two thumbscrews. Two springs attach the arm to the body, thus resulting in a flexible joint. A picture of the flexible arm is shown in Fig. 2 . There are three measured outputs: the angle of the DC motor θ (rads) (measured by an encoder), the angular velocity of the motor ω (rad/s) (measured by a
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Fault reconstruction scheme (5) and (7) 
volts). The system is interfaced to Matlab and
Simulink via the Real Time Workshop Toolbox. Hence, the controller and FTC scheme are implemented using Simulink. In order to get the linear model in the notation of (1) -(2), the system was linearized about the point 0 α = .
Define the states and outputs respectively as
From the equipment data sheet and the definition of states and input, the matrices A and B respectively in the notation of (1) - (2) 
A similar controller was implemented for the same purpose as before, such that 
Design and implementation of FTC scheme
It was assumed that the α and ω sensors are faultprone. The θ sensor has to be assumed perfect, because it was found that a fault in the that sensor would cause 1 ( , ) A C to have an unobservable mode at 0, which is marginally unstable, hence undesired. Due to the linearization process, any nonlinearities will be in rows 3-4 of the matrices ( , ) A B . In addition, the discrepancies (parameter deviations) between the flexible joint and flexible link are also all in rows 3-4. Notice that there are no discrepancies in rows 1-2 because it is simply a mathematical truth. Hence a suitable choice of F and Q (in the notation of (1) -(2) is
For this choice of F , it was found that 1 ( , ) A C had no unobservable modes, and hence this method is feasible for this system. In synthesizing the FTC scheme, several additional inequalities were added to (9) to ensure that the poles of the FTC scheme (the eigenvalues of 
A LC −
) to lie in a pre-specified region in the complex plane, specifically, in the intersection of two regions; the first region is a conic sector centred at the origin with an internal angle of 2θ , symmetric about the real axis. This is to ensure that the FTC scheme has a damping ratio of at least cos ζ θ = . The second region is vertical strip between a and b on the real axis where a b < . The bound b is to guarantee fast convergence, and a is to ensure that the eigenvalues of 
Choosing 45 (10), (15), (16) and (17) 
(which is small) and the true outputs are not measurable. However, the system is interfaced to Simulink and the faults are induced there at signal level, making the true outputs measurable. This is to aid illustration.
Test results: Total failures
In the first test, for the flexible joint, the system was run free of fault, and the result in shown in Fig. 3 , the α sensor failed. This is shown in Fig. 4 . It is clear that θ has been very adversely affected when the ω sensor failed, but not significantly affected when the α sensor failed. As for t α , it is obviously adversely affected in all faulty conditions. During the test, when the ω sensor failed, it was visually observed that the whole system was vibrating very violently, which is a very hazardous situation in practice. The results show how sensor faults affect the system's performance in the closed loop. α θ which are zero during the failures. Hence, from the results, the FTC scheme restores the performance very closely to the faultfree scenario and does not degrade system performance even when there are no faults. It can also indicate that the sensor is faulty (through the reconstructions and measured outputs), even though performance is very close to the fault-free case, so that corrective action can be taken. Finally, it is able to also handle the case of simultaneous faults without any additional degradation. A further test was conducted, where the arm was set to move in a bigger range, to show that the FTC scheme is not constrained only to a small region from the starting point. , the ω and α sensors respectively failed. Fig. 6 shows θ and t α which have been severely degraded when the failures occur. Then the FTC scheme was put in place and Fig. 7 shows the corresponding response. It is clear that the performance has been restored very closely to the fault-free scenario. Therefore, the FTC scheme proposed in this paper is valid not only for a small neighbourhood around the starting point, but also for a large range of movement. 
Test results: Incipient faults
The strength of this FTC scheme is that it can also handle slowly varying incipient faults, because of its ability to reconstruct the fault. Incipient faults are difficult to detect and could prove catastrophic if left undetected for long periods of time. Both the sensors of ω and α were subjected incipient faults during the time 10 90 s t s < < . Then at 110 190 s t s < < the ω sensor is faulty, and then at 210 290 s t s < < the α sensor is faulty. 
Conclusion
The results in this paper show how sensor faults (especially total failures) can degrade the performance of a system and perhaps even cause catastrophes and accidents. However, more importantly, it shows how an
